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Abstract When modeling the hydrodynamics of nano-

fluidic systems, it is often essential to include molecular-

level information such as molecular fluctuations. To this

effect, we present a mesoscopic approach which combines

a fluctuating hydrodynamics formulation with an efficient

implementation of Electroosmotic flow (EOF) in the small

Debye length limit. The resulting approach, whose major

ingredient is Dissipative Particle Dynamics, is sufficiently

coarse-grained to allow efficient simulation of the hydro-

dynamics of micro/nanofluidic devices of sizes that are too

large to be simulated by ab initio methods such as

Molecular Dynamics. Within our formulation, EOF is

efficiently generated using the recently proven similitude

between velocity and electric field under appropriate con-

ditions. More specifically, EOF is generated using an

effective boundary condition, akin to a moving wall, thus

avoiding evaluation of the computationally expensive

electrostatic forces. Our method is used for simulating

EOFs and DNA molecular sieving in simple and complex

two-dimensional (2D) and 3D geometries frequently used

in nano-fluidic devices. The numerical data obtained from

our model are in very good agreement with theoretical

results.

Keywords Computer simulation � Electroosmotic flows �
Dissipative Particle Dynamics (DPD) method � MEMS �
NEMS

1 Introduction

Electroosmotic flow (EOF) plays an important role in bio-

hydrodynamics (hydrodynamics of flows containing bio-

logical molecules) in micro- and nano-fluidic devices

(MEMS and NEMS) utilized for drug delivery, DNA

separation and bio-sensors (Viovy 2000; Slater et al. 2002).

Understanding the effects of EOF in microscale geometries

is very important for facilitating better control and optimal

design of such devices (Viovy 2000).

In general, the EOF profile can be obtained by solving

the Navier–Stokes equations coupled with the Poisson–

Boltzmann equation. Analytical solutions to those equa-

tions are possible for very simple cases (Smoluchowski

1903). However, numerical methods are needed for more

complex geometries (Patankar and Hu 1998; Ermakov

et al. 1998). Direct numerical simulation of EOF remains a
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challenging task (Patankar and Hu 1998; Ermakov et al.

1998; Cummings et al. 2000) mainly due to the diverse

range of scales of the problem from the Debye layer

thickness (~1 nm) to the characteristic device lengthscale

(usually > 10 lm). Also, these solutions cannot capture

another important feature of the problem, namely molec-

ular fluctuations (Brownian motion) of biomolecules, and

their complicated, stochastic interaction with nanofluidic

structures. Efficient protein separation has been demon-

strated using regular nanofluidic filters (Fu et al. 2005,

2007) recently. For modeling and optimization of such

devices, it would be critical to simulate both fluid flow

(electroosmotic flow) and molecular fluctuation within the

device, which is the source of molecular sieving (Fu et al.

2006).

Recently Kenward et al. (2003) and Tessier and Slater

(2005) have used Molecular Dynamics (MD) to model the

EOF in a narrow capillary. In those simulations, the

charged particles are explicitly simulated. This method

may provide an accurate solution for relatively small sys-

tems, but tends to become less effective for modeling

typical micro/nano fluidic devices because of its high

computational cost.

While mesoscopic techniques are more suitable for

simulating such systems, effective numerical techniques

are not yet available and implementation of such tech-

niques has not been performed, partly because of the

complexity of modeling EOF in these systems. As a result,

in most of the recent simulation studies of micro fluidic

systems, EOF has been neglected by assuming the presence

of a high ionic strength buffer (Tessier et al. 2002; Streek

et al. 2004). In this communication, we introduce a new

method for generating EOF in arbitrary geometries with a

mesoscopic technique, namely Dissipative Particle

Dynamics (DPD). The computational cost of DPD is ex-

pected to be significantly lower than that of MD; at the

same time, DPD can capture thermal fluctuations which are

important for modeling a number of microscale phenom-

ena, such as the entropic trapping in sieving devices (Viovy

2000; Slater et al. 2002) designed for biomolecule sepa-

ration (Han and Craighead 2000; Tessier et al. 2002; Streek

et al. 2004; Fu et al. 2005). Numerical results of previous

DPD studies have been found to be consistent with avail-

able theoretical and experimental data (Cummings et al.

2000; Bow et al. 2006).

2 Theory on EOF

Electroosmotic flow refers to the fluid flow induced by the

motion of the fluid in the charged Debye layer near a solid

surface due to an external electric field applied along the

surface. The interfacial charge may be formed by the

dissociation of chemical groups at the solid wall. For in-

stance, a net negative surface charge is observed by the

deprotonation of silanol groups at a silica-water interface

(Tessier and Slater 2005). Counterions or ions subse-

quently accumulate from the solution into an electrical

double layer near the surface. When an external electric

field parallel to the surface is applied, the layer of mobile

charges moves thereby ‘‘dragging’’ the bulk of the fluid via

the action of viscosity.

In mean-field theory, the equilibrium distribution of

mobile ions can be derived by the Poisson–Boltzmann

equation which is established by combining the Poisson

equation for the electrostatic potential w(r) at position r in

the system with the Boltzmann distribution for the density

of mobile ions in the solution in terms of the valence zk and

the bulk concentration nk of each of the N species of ions

(Viovy 2000):

r2w ¼ � e

ebe0

XN

k¼1

zknk exp �ezkw=kBTð Þ; ð1Þ

where e is the magnitude of electron charge, kB is the

Boltzmann constant, T is temperature, and e0, eb are the

permittivity of vacuum and the dielectric constant of fluid,

respectively.

In general, Eq. (1) can be solved numerically under

appropriate boundary conditions, and the result is then

substituted into the Navier–Stokes equation to obtain the

resulting EOF field (Patankar and Hu 1998).

In this work, based on a recent study by Cummings et al.

(2000), we develop a method that generates EOF in a DPD

simulation in arbitrary geometries of practical interest

without the need for solving Eq. (1) or directly computing

electrostatic forces within the DPD formulation. This ap-

proach is valid in the limit that the Debye length,

j�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ebe0kBT

8pCe2z2

r
; ð2Þ

is small compared to the characteristic length-scale of a

studied system. Here, C represents the ionic strength. As

has been shown by Cummings et al. (2000), when this

condition is satisfied and the flow is steady, fluid and

electric properties are uniform and fluid velocities on all

inlet and outlet boundaries satisfy

UEOF ¼ �
ebe0fE

l
; ð3Þ

the electric field and flow velocity are proportional, with the

proportionality coefficient being constant throughout the

domain. Here E is the local electric field, l is the fluid vis-

cosity and f is the zeta potential (Hunter 1981). Proof, as well
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as an extensive discussion of the conditions of similitude can

be found in the original paper of Cummings et al. (2000).

This relation allows one to generate the EOF field from

the electric field (E), obtained by a solution of the Poisson

equation. Once E is obtained, Eq. (3) can be used to supply

an effective boundary condition to the DPD simulation.

(Recall that the Debye layer is thin.) The resulting flow-

field is guaranteed to be proportional (locally) to the

electric field but also the correct EOF field. We use the

former property (proportional to E) to test our implemen-

tation in Sect. 3.

3 A model of EOF and simulation results

3.1 A model of EOF

The DPD method describes the dynamical profiles of

materials by simulating the motions of ensemble of parti-

cles or pseudo particles, and every particle is defined by its

position, velocity and mass. Based on Newton’s equation

of motion, the time evolution of the positions and velocities

of DPD particles are calculated as follows,

dri

dt
¼ vi;

dvi

dt
¼
X

j6¼i

f ij þ Fe:
ð4Þ

Here, we assume the mass of particles is identical and

normalized to unity; ri and vi are the position and the

velocity vectors of particle i, respectively; Fe is the external

force; fij is the inter-particle force exerted on particle i by

particle j, consisting of three parts: conservative, dissipa-

tive and random (Hoogerbrugge and Koelman 1992).

The conservative force, Fij
C, is given by

FC
ij ¼

aijð1� rij=rcÞr̂ij ðrij\rcÞ;
0 ðrij � rcÞ;

�
ð5Þ

where aij is the maximum repulsion between particles

i and j; rij ¼ ri � rj; rij ¼ rij

�� ��; r̂ij ¼ rij=rij is the unit vec-

tor directed from particle j to i, and rc is a cut-off radius,

here normalized to unity.

The dissipative force, Fij
D, and the random force, Fij

R, are

given by

FD
ij ¼ �cxDðrijÞðr̂ij � vijÞr̂ij; ð6Þ

and

FR
ij ¼ rxRðrijÞhijr̂ij; ð7Þ

respectively, where vij = vi – vj, and c and r are the

coefficients characterizing the strengths of the dissipative

and random forces, xD and xR are the weight functions that

vanish if rij ‡ rc, and hij is white noise with the properties:

hijðtÞ
� �

¼ 0 and hijðtÞhklðt0Þ
� �

¼ ðdikdjl þ dildjkÞdðt � t0Þ:
ð8Þ

To satisfy the detailed balance, the weight functions obey a

relation similar to the fluctuation-dissipation theorem,

xD rij

� �
¼ xR rij

� �� 	2
and c ¼ r2

2kBT
; ð9Þ

where kBT is the Boltzmann temperature. The weight

function is calculated by:

xD rij

� �
¼ xR rij

� �� 	2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� rij=rc

p
rij\rc;

0 rij � rc:

�
ð10Þ

The equations of motion (4) are solved by using the

velocity-Verlet algorithm suggested by Groot and Warren

(1997). The DPD parameters are calculated based mostly

on the previous works of Groot and Warren (1997) and

Duong-Hong et al. (2004) and listed in Table 1.

As described above, the velocity profile of EOF can be

obtained by using Eq. (3) as a boundary condition. To do

this, we compute the electric field in the computational

domain (regions covered by a simulation study) by directly

solving the Laplace equation subject to von Neumann

boundary condition at the walls, followed by the compu-

tation of the electrostatic velocity at the wall, Uwall, (in

reality a Debye length from the wall) by using Eq. (3) and

the previously computed electric field and the given zeta

potential. In our case, f was approximated by the following

relation (Pennathur and Santiago 2005):

f ¼ 0:0288C�0:245; ð11Þ

which is again confirmed by the experimental data of Bow

et al. (2006), where C represents ionic strength measured

in moles/liter, and f is the zeta potential in mV.

The velocity, Uwall, is locally assigned to the wall par-

ticles; the ‘‘moving wall’’ then drags the fluid particles by

viscosity. It is important to note that the position of wall

Table 1 The DPD parameters

Parameters DPD value

kBT 1.0

aij (between fluid-fluid particles) 75.0

aij (between fluid and wall particles) 8.66

r (for all particles) 3.0

rc 1.0
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particles is not updated (i.e. they are effectively ‘‘frozen’’);

rather, the kinematic information about the motion of the

wall particles is transferred to the fluid particles by the

interaction forces in DPD and the bounce-back boundary

condition described below which takes the wall motion into

account.

In DPD, due to the ‘soft’ repulsive force, particles

sometimes penetrate the wall and exit the computational

domain. To prevent this from occurring we apply a double

layer wall structure (Duong-Hong et al. 2004), as well as a

bounce-back boundary condition (Willemsen et al. 2000)

for particles which penetrate the wall. This condition

serves as a no-slip boundary condition and amounts to

resetting the positions and velocities of particles exiting

the domain to the new values given by Eqs. (12) and (13),

respectively. The new position of a particle crossing the

wall is given by

rnew ¼ rold þ 2drnw; ð12Þ

and the new velocity is given by

vnew ¼ 2Uwall � vold; ð13Þ

where dr normal distance the particle has penetrated into

the boundary from a particle which is outside the compu-

tational domain and nw is the normal vector on the wall

pointing into the simulation domain; Uwall is the velocity of

the wall. Equations (12) and (13) have been shown to

effectively model the no-slip boundary condition for both

static wall and moving wall (Duong-Hong et al. 2004).

3.2 Simulation results

Simulations were performed in two-dimensional (2D) and

3D channels of non-dimensional size 100 · 100 and 100 ·
100 · 5, respectively; as the density of solvent particles is

chosen to be 1.0, resulting in 10,000 and 50,000 particles in

the 2D and 3D channels, respectively. Non-dimensional

quantities are constructed using the length unit

½r� ¼ 18 nm; the mass unit [m] = 5 · 10–15 kg, and the

energy unit ½e�: 300kBT = 4.14 · 10–21 J. The time unit [t]

directly follows from the above and is equal to

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mr2=e

p
Þ � 1:98� 10�5 s: These units are chosen so that

the shear viscosity of the fluid can be comparable with

that of water; such mesoscale units allow modeling of

various systems with length scales ranging from nanome-

ters to micrometers and overall time scales up to several

seconds.

The channels are defined by walls in the y direction;

periodic boundary conditions are applied in the other

directions. The density and the viscosity of solvent are

1,000 kg m–3 and 9 · 10–4 Pa s, respectively. The ionic

strength is C (~5 · TBE) and the electric field is

100 V cm–1 along the channel axis (x-direction). The non-

dimensional velocity of EOF is then calculated to be Uwall

= (0.325,0,0) = (Uwall, 0,0). We assume that the electric

potential is steady and constant everywhere within the

channel (and that the Debye length, of which the maximum

thickness is ~10 nm as calculated by Eq. (2) with z = 1, or

3.8 nm as reported in the experiment of Bow (2006), is

much smaller than the channel width ~1.8 lm). The elec-

troosmotic velocity profile in this case is expected to be

plug-like as shown in Fig. 1.

Figure 1 shows that the fully developed velocity profile

is in excellent agreement with the prediction of Eq. (3).

Note that the difference between the cases of Debye length

of 1.8 and 10 nm is within the statistical uncertainty of our

calculations.

Our next validation example is motivated by recent

experiments on DNA separation systems (Han and Craig-

head 2000). We chose a channel geometry very similar to

the actual experiments, namely a series of deep and shal-

low channels (T-channel in short). Cummings et al. (2000)

have performed experiments of EOF in a similar T-shaped

channel and confirmed the similitude between the EOF

velocity and the electric field.

The channel dimensions are (100,25) in 2D and

(100,25,5) in 3D, respectively (see Fig. 2). As the condi-

tions for similitude between the fluid velocity and electric

field in EOF still hold in our simulations, a direct com-

parison between the velocities calculated by Eq. (3) at the

same previous conditions and the velocities obtained from

our simulations is used to validate the method.

We simulated 5 · 106 time steps; the velocity is aver-

aged in a grid of bins (500 · 125 bins in x and y direction,

respectively) and averaged over the last 2 · 105 time steps

(the calculations being done on a single-processor desktop

Fig. 1 The transient and fully developed ‘‘plug-flow’’ velocity

profile of EOF in 2D and 3D planar channels compared with the

theoretical results for the cases of different Debye lengths
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computer). In Fig. 2, the resulting streamlines are shown to

be very similar to the theoretical results. The result of 3D-

simulation appears smoother and closer to the theoretical

result than that of 2D-simulation. It is simply because in

the 3D-simulation the number of samples increases by the

additional particles in the z direction that leads to better

averaging result.

Figure 3 provides a more detailed comparison: the

components of the longitudinal velocity distribution at

particular positions of the channel, e.g. x = –40, x

= 0, and x = 20 are compared to the theoretical result. This

figure shows that the components of velocity at different

positions in the T-channel are in good agreement with the

theoretical results for both 2D and 3D simulations. Par-

ticularly, in the constriction area of T-channel, the EOF

velocity, shown in Fig. 3a, is of plug-flow profile as ex-

pected. In addition, we have also simulated some larger

channels in both 2D and 3D cases (lengths up to 10 lm)

and the results are again consistent with the theoretical

ones but they are not shown here in the sake of brevity.

The results obtained so far confirm the ability of our

model to simulate EOF in both simple and complex

channels. A nice feature of the DPD simulation is the

ability to track particle movement. A typical path of a

particle in the electrophoretic flow is tracked and shown in

Fig. 4. It clearly demonstrates the fluctuating nature of

molecular motion. This is important because in most fil-

tration processes involving biological molecules, such as

Ogston sieving process, fluctuations are very important and

must be considered (Fu et al. 2006).

With this in mind, we also investigate the motion of a

polymer chain modeled by a set of 40 beads connected by a

worm-like spring force (Shaqfeh 2005)

FW
ij ¼ �

kBT

4P
1� rij

l


 ��2

þ 4rij

l
� 1

� 

r̂ij ð14Þ

Fig. 2 A comparison between the streamlines of simulation results in

2D- (a) and 3D-T-channel (b) with the theoretical result (c)

Fig. 3 A comparison of longitudinal velocity components of our

simulations (2D and 3D) with the theoretical results at different

positions in T-channel: a x = –40; b x = 0; and c x = 20
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where rij is the distance of bead i and j, l is the maximum

length of one chain segment and P is the effective persis-

tence length of the chain. In the wormlike model, the

persistence length is typically chosen to be 50 nm for

modeling a standard DNA chain (Nkodo et al. 2001). The

polymer chain in this simulation is regarded as an un-

charged DNA chain. The maximum segment length is

chosen to be 2.547; in other words, the chain of 40 beads

models a 5.37 kbp DNA.

The diffusion of the DNA chain is first investigated by

simulating a DNA chain in a sea of the above solvent. The

chain is suspended in a large channel (500 · 100 · 100)

and periodic boundary conditions are applied in all direc-

tions. The diffusion of the chain is found to be about 1.22

(·10–9 cm2 s–1) which is comparable with 1.10 (·10–9

cm2 s–1) for the 4.7 kbp dsDNA from the experimental

data of Nkodo (2001). Notice again that the chain is con-

sidered as an uncharged polymer chain to separate the

electrophoretic effect.

Figure 5 shows a path of a polymer-chain particle in

EOF in a T-channel; it again demonstrates the fluctuating

nature of the motion of this particle. In this particular

example, the chain particle is trapped in the deep well

(~6,530 [t]) longer than the fluid particles (~1,720 [t]).

Consequently, the average velocity of the chain particle

(~0.025 [r/t]) is much smaller than that of the fluid parti-

cles (~0.092 [r/t]). The above results have confirmed that

the stochastic motion of fluid/analyte molecules in water,

as well as their interaction with the nanofluidic structures,

can be captured using DPD simulations, allowing us to

better understand sieving processes such as Ogston sieving

(Fu et al. 2006) in more microscopic terms.

Moreover, our approach is expected to be straightfor-

wardly extendable to transient flows since it appears

plausible that the effective boundary condition approach

will hold in the case that the hydrodynamic evolution

timescale is long compared to the timescale of evolution of

the electric field, leading to a purely hydrodynamic prob-

lem. The DPD method can capture the transient develop-

ment of such flows provided the characteristic timescale [t]

is significantly smaller than the characteristic evolution

time of the transient flow. This latter time for the geome-

tries studied here is given (approximately) by D2q
l � 10�5s

(Yan et al. 2006) where D is the characteristic length-scale

of the cross section. This suggests that [t] needs to be re-

duced before transient flows of these dimensions can be

accurately captured.

4 Conclusions

In summary, we have presented a mesoscopic technique

capable of modeling EOF in arbitrary geometries for the

case of thin Debye layer. However, if the thickness of the

Debye layer is comparable to the width of the channel, the

technique cannot provide a detailed description of shear

flow within the thickness of the Debye layer. In the limit

of thin Debye layer, the technique is validated for both

simple planar and complex (deep and shallow) channels.

This technique is easy to implement and computationally

efficient (all simulations presented here were performed

on a single-processor desktop computer). It represents one

step forward towards the simulation of complex bio-

hydrodynamics in NEMS and MEMS devices of practical

interest.
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